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Abstract

Strong lensing properties of galaxy clusters have been routinely used to claim ei-
ther tension or consistency with ΛCDM cosmology. However, standard approaches
are unable to quantify the preference for one cosmology over another. We advo-
cate a Bayesian approach whereby the parameters of the strong lensing-mass scaling
relation, α and β, are treated as the observables. We demonstrate a method of
estimating the likelihood for observing α and β under the ΛCDM framework, us-
ing the X-ray selected z > 0.5 MACS clusters as a case in point and employing
hydrodynamic simulations. We account for mock sample variation due triaxiality
within the modelling of the likelihood function. Cluster selection and characterisa-
tion of lensing are found to play as important a role as the uncertainty surrounding
feedback.
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1 Introduction

Galaxy clusters gravitationally lens and distort the images of background galaxies; their
lensing efficiency is a powerful probe of cosmology with the ability to constrain the
aforementioned structure formation parameters [1]. The earliest comparisons between
simulated clusters and the observed frequency of arc-like lensed galaxy images in a
cluster sample revealed an order of magnitude difference between the observations and
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ΛCDM predictions [1, 4]. This discrepancy, dubbed the ‘arc-statistics problem’, has the
potential to be a point of tension for the standard ΛCDM model.

In the present work, we propose a Bayesian approach to the cosmological test using
strong lensing properties of this sample, and clusters modelled within hydrodynamic sim-
ulations which include the effects of stellar and AGN feedback. Cluster selection criteria
and characterisation of strong lensing efficiency affects the result of the comparison, so
this is explored here.

2 Section

Strong lensing efficiencies, as characterised by the Einstein radii, scale well with the mass
of clusters at large overdensities [3]. If the z > 0.5 MACS sample are, in fact, stronger
lenses than predicted by the ΛCDM model, they will have larger Einstein radii for a
given total mass at low overdensities (or a proxy thereof).

A Bayesian approach is advocated, in which one determines the relative preference of
two hypothetical cosmological models, C1 and C2, in light of the data D, by calculating
the Bayes factor B:

B =
L(D|C1)

L(D|C2)
(1)

where L denotes the likelihood of the data assuming a cosmology. The aim is to calculate
the likelihood of observing the Einstein radii of the high-z MACS sample under one
chosen hypothesis: ΛCDM, with the aid of numerical simulations.

This is non-trivial, as one cannot simply construct a likelihood function related to
the observables (θE and M500) because there are a finite number of objects from the
simulations. Instead, we assume a power-law relation between the strong lensing and
mass proxies, and perform a fitting to the following function in logarithmic space:

log

[

M500

9 × 1014M⊙

]

= α log

[

θE

20”

√

Dd

Dds

]

+ β (2)

with parameters (α and β) and aim to find the likelihood of observing the scaling rela-
tionship.

The pivot mass 9 × 1014M⊙ is chosen to approximate the logarithmic average of
the observed and simulated clusters. Similarly the pivot Einstein radius is chosen to
be 20 arcseconds. We also acknowledge that there is likely to be intrinsic scatter in
this relationship directly comparable to the scatter in the concentration-mass relation,
partly due to cluster triaxiality and substructure and partly from the varying formation
histories of the clusters. Thus we also include a nuisance parameter, V , which represents
intrinsic Gaussian variance, orthogonal to the line. We employ the linear regression
method outlined in[2].

In the left panel of Fig. 1 we show the relation between the Einstein radii and
the cluster mass M500. The z > 0.5 MACS sample are represented by red circles.
For simulated clusters, the situation is more complicated. Since different lines of sight
provide a large variation in projected mass distribution, each cluster cannot be associated
with an individual Einstein radius, nor a simple Gaussian or log-normal distribution [3].
We therefore measure the Einstein radius for 80 different lines of sight and, for ease of
visualisation, describe the distribution of Einstein radii for each simulated cluster by a
box-plot1.

1In the box-plots, we mark the median with a short black horizontal line, a blue box marking the
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Figure 1: Einstein radii statistics for z = 0.5 clusters from the AGN simulations. Left:
Strong lensing efficiency, characterised by scaled Einstein radii, θE,eff , plotted as a func-
tion of mass. The range of Einstein radii for simulated clusters are shown by the blue
box-plots. The red circles represent the MACS z > 0.5 clusters. The red line marks
the maximum a-posteriori fit to observational data, while the thin blue lines mark the
fit to 20 randomly chosen mock samples from simulations. Middle: 1-σ and 2-σ con-
straints on parameters of the strong lensing - mass relation given the MACS z > 0.5
cluster data (red contours), with a maximum a posteriori fit marked by a red circle.
Overplotted in blue dots are the best fits to 80 mock observations of z = 0.5 clusters
from the AGN simulations. A typical 1-σ error is shown as a blue ellipse. Right: Same
as the middle panel, but the blue circle and curves mark respectively the maximum and
the 1-σ and 2-σ contours of the likelihood function found by combining all 80 mocks.
Ultimately, the likelihood, L = 0.31, is found by convolving the functions marked by the
red and blue contours
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We fit the observational data to the lensing-mass relation and after marginalising out
the nuisance parameter, V , present the posterior distribution for α and β, denoted by red
contours in the middle panel of Fig. 1. This fit is re-interpreted as a single ‘data-point’.
To estimate the likelihood, as a function of possible data, we employ the simulations.
Many mock samples are individually fit to the lensing-mass relations; the maximum of
the posterior is shown as a blue point and a typical 1-σ error shown as a blue ellipse. By
adding the posteriors for each mock sample and renormalising, we estimate the required
likelihood function, shown by the blue contours in the right-hand panel of Fig. 1. By
multiplying by the ‘data-point’ distribution and integrating over the parameter space,
we find L = 0.31.

Note that one cannot comment on whether the likelihood is large or small. However,
if the same process is repeated for simulations under a different cosmological model then
the Bayes factor can be calculated and, after accounting for priors, may (or may not)
reveal a preference for one of the cosmologies, in light of this data.
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